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1. Introduction 

Our base field is the field C of complex numbers. We study normal complete 
algebraic varieties X endowed with an action of a connected reductive algebraic 
group G admitting a dense orbit fl. The stabilizer H of a point of the dense orbit 
will be called generic stabilizer. Clearly, H is parabolic if and only if X = Q. 

If H is connected, Borel showed in || that the homogeneous space G/H 
has at most two ends, i.e. the complement X \ Q has at most two connected 
components. When _A\fHs disconnected, the generic stabilizer contains a maximal 
unipotent subgroup U of G. This property results from the connectedness (proved 
in H |ll)) of the [/-fixed point subset of X. In this situation, the varieties X share 
other peculiarities which were clarified by Ahiezer in j|] where he studied and 
classified these objects. 

This article deals with the left situation - X \ f2 is connected -, as we assume 
this complementary to be G- homogeneous. Actually, this case appears as the most 
natural and "simplest" one to consider after the case of projective homogeneous 
varieties (Grassmaniann, flag varieties, etc.). We call naturally such varieties X 
two-orbit varieties. These varieties have been intensively studied before. Ahiezer 
in [Q gave a classification of the pairs (G, H) such that f2 = G/H admits a com- 
pactification X by one homogeneous divisor. This list was independently obtained 
by Huckleberry and Snow J 1^] in the more general context of kahlerian vari- 
eties. Later, Brion gave in |], (7| a purely algebraic approach to these results using 
the general theory of embeddings developed by Luna and Vust (see @|). Finally, 



Feldmuller classified in |T(| all pairs (G, H) giving raise to two-orbit varieties 
whose closed orbit is of codimension 2. 

The aim of this paper is to give the complete classification of all two-orbit 
varieties and to prove Luna's conjecture, namely that all two-orbit varieties are 
spherical, i.e. admit a dense orbit of a Borel subgroup B of G. In particular, 
spherical varieties have only finitely many B-orbits. We refer the reader to (jl4| [| 
for an introduction to this subject. 

To obtain the classification, we use two main steps. First of all, we show that 
defining a two-orbit variety as being normal is not a major restriction since the 
normalization map for a complete variety with two orbits is bijective (see sec- 
tion ||) . Secondly, we give only an explicit list of all cuspidal two-orbit varieties 
from which we obtain all the two-orbit varieties by a parabolic induction procedure 
explicitly described in section ||. 

Acknowledgements. I would like to thank my adviser Peter Littelmann for 
his constant support. I am also grateful to Michel Brion for his advice and remarks 
on my PhD's work in which I obtained the results presented in this paper (see ||). 

Note added in proof. Alexander Smirnov found similar results while I was 
submitting this article. 

2. Notation and main results 

Let G be a connected reductive algebraic group. We fix a Borel subgroup B and a 
maximal torus T in B. Let <!> be the root system of G, we denote $ + C <& the set of 
positive roots relative to B and A C < f )+ the set of simple roots corresponding to 
B. In case G is simple, we enumerate the simple roots as in Q and when it is more 
convenient, we use the short notation of [loc. cit.] for the description of positive 
roots. For example, if G is of type F4, 1111 stands for the root ct\ + + a 3 + a^. 

The subset (71, ... ,j r ) of $ will refer to the set of roots obtained as Q-linear 
combinations of the given roots 71, . . • , j r - 

For a a root of G, we have the corresponding root space g a C = LieG. 
We let Y a be any element of 2a \ {0}, then CY a = g a . The 0-th root space of g is 
LieT = t. 

Throughout this article, X will denote a connected normal complete algebraic 
variety endowed with an action of G such that X has two G-orbits. Such a variety 
is naturally called a two-orbit G '-variety. If G-x corresponds to the dense orbit and 
G • y to the closed one, we have X — G ■ xUG ■ y — C1(G • x) (the closure of G ■ x). 
In other words, a two-orbit G- variety can be regarded as a complete two-orbit 
embedding of the homogeneous space G/H where H is a generic stabilizer. 

Actually, a two-orbit variety is even projective. For, according to Sumihiro 
(see [^6)), the closed orbit admits a G-stable quasi-projective neighbourhood - 
which has to be all of X. As a weak converse, we state: a connected projective G- 
variety with two G-orbits (say X' = G ■ x' U G ■ y') is bijective to its normalization, 



which is, in particular, a two-orbit G-variety. Let us sketch the proof. Consider the 
G-equivariant morphism ir : X' — > X' given by the normalization of X'. First of 
all, 7T being birational, X' has a dense G-orbit isomorphic to G-x' . Secondly, due to 
the finiteness of tt together with the connectedness of a parabolic subgroup, we get 
that TT~ 1 (G-y') consits of a finite union of G-orbits all bijective to G-y' . Therefore, 
all these orbits are projective. Finally, we prove, by contradiction, that actually 
7r _1 (G • y') is G-homogeneous. Suppose that tt~ 1 (G ■ y') consists of more than one 
(projective) G-orbit. By ||, X'\G-x' will have two connected components. Thus, 
(see the corresponding argument given in the introduction), the generic stabilizer 
of a point of X', and hence of X' , will contain a maximal unipotent subgroup of 
G, say U subgroup of B. Consequently, we will end up with two P-fixed points in 
X' - a situation which can not occur. 

Similarly, by considering the G-equivariant finite morphism given by the pro- 
jection G/H — > G/H°, one can prove that: if G/H has a complete two-orbit 
embedding, then so does G/H° . The converse is obviously true. More precisely, if 
Z is a complete two-orbit embedding of G/H°, G/H inherits a complete two-orbit 
embedding given as the quotient of Z by H/H° . As a consequence, we will restrict 
our study to two-orbit varieties with connected generic stabilizers, without loss of 
generality. 

Before stating the main results on the two-orbit varieties, we need to make 
one more remark. Blowing down a given two-orbit variety along its closed orbit 
may produce a new two-orbit variety. We will illustrate and clarify this natural 
geometrical construction via the next example. 

Let G be a simple group of rank 2 and A a dominant weight such that 
(X,ai) > 1 and (A, a^) — 0, (•,•) being the Killing form of G and the co- 
root associated to on. We consider the irreducible G-module V(A) associated to A 
and the weight vector v\~ ai E V(X) of weight X — a%. Take P D B the parabolic 
subgroup associated to oti. Then Cl(P- [va-qJ) C P(V(A)) is a P-variety with two 
P-orbits and C1(G- [wa-qJ) = G-C1(P- [«a— ai]) is a two-orbit G-variety. We have 
an obvious G-equivariant morphism G xp Cl(P • [vA-aj) — » Cl(G • [wa-qJ)- This 
morphism is only isomorphic on the open G-orbits, the morphism on the closed 
G-orbits being G/B — > G/Q where Q D B is the parabolic subgroup associated 
to Oi2- 

This example is very instructive in the sense that it gives the procedure 
to obtain all two-orbit varieties and motivates the following notion inspired by 
Luna's work [ fl5| |. In the statement of this definition (and in the rest of the text), 
the terminology two-orbit P-variety for P a parabolic subgroup of G will refer, by 
abuse of language, to a complete normal P-variety, with two P-orbits, on which 
the unipotent radical of P acts trivially. 

Definition. A two-orbit G-variety X is obtained by parabolic induction from a 
pair (P, Y) if P C G is a parabolic subgroup and Y a two-orbit P-variety such 
that 

(i) the radical of P acts trivially on Y; 



(ii) there exists a P-equivariant injective morphism <p : Y — > X inducing a 
birational morphism G x p Y — ► X . 

A two-orbit variety is cuspidal if it can not be obtained by parabolic induc- 
tion. 

Proposition 2.1. 

(i) The geometry of a two-orbit variety obtained by parabolic induction from 
a pair (P,Y) is completely determined by its closed orbit and the geometry ofY. 

(ii) Each (non cuspidal) two-orbit variety is obtained by parabolic induction 
from a unique pair (P, Z) such that Z is cuspidal. 

Once this result is proved (see section^), we can concentrate only on cuspidal 
two-orbit varieties. We get their description as follows. We start to show which 
groups can occur as generic stabilizers (see sections |] and ^). This is done mainly 
with combinatorial methods. Thus, afterwards, it is just a matter of computations, 
using Luna-Vust Theory (see H]), to describe the corresponding complete two- 
orbit embeddings. We list the pairs in this section but the embeddings only in 
the appendix to avoid too much notation in this part of the text. Recall that we 
consider only the case of connected generic stabilizers H, which is not restricted 
at all as explained in the beginning of this section. 

Theorem 2.2. 

The cuspidal two-orbit varieties are obtained as embeddings of the homoge- 
neous spaces G/H with (G,H) in Table 1 and Table 2. In particular, G is simple 
or equal to SLi x SLi, in this situation. Moreover, each such G/H has exactly 
one complete two-orbit embedding described in the appendix. 

Corollary 2.3. Two-orbit varieties are spherical. 

Proof. As the property of being spherical is not destroyed by parabolic induction, 
it suffices to check that the homogeneous spaces G/H obtained from Table 1 and 
2 are indeed spherical. It appears that these embeddings either have been already 
classified by |, [l| [jj or are wonderful (thus spherical by |lq ]) of rank 2 
(see 0). □ 

3. General properties 

First of all, note that we can assume the group G, acting on X, to be semisimple. 
Indeed, the radical R(G) of G acts trivially on X. For, if there exists a generic 
element of X not fixed by R(G), we will obtain at least two P(G)-fixed points in 
the closure of its P(G)-orbit. But it is a well-know fact, that these fixed points 
belong to different connected components of the P(G)-fixed point set in X - which 
is connected in our situation since it is equal to the closed G-orbit of X, according 
to 



Table 1. Pairs of type I 

An > 0l„ 

Bn > S0 2n 

-B„ > t©0 Qe ^g a , with * = (±ai, . . . ,±a„_i,a n _i + 2a„) 
B n 

n > t©0 Qe ^g a , with * = (±a 2 , • • • ,±a n _i,a n ,ei + e„) 
or u„ 



c„ 





SP 2 X Sp 2 „_ 2 






C n 






with * = 


(±a 2 , • • . ,±a„,2ei) 


F 4 


> 


spin 9 






F 4 




t ffi ® a£ 4r 0aj 


with * = 


(±a 2 , «3, ±«4, 1120} 


G 2 


> 




with * = 


{ai, 2ai + a 2 , 3ai + a 2 , 3ai + 2a 2 } 


G 2 


> 


t © ©agvp 0a? 


with * = 


{a 2 , 2ai + a 2 , 3a± + a 2 , 3ai + 2a 2 } 


G 2 


> 


t © © a6 ^, 0a) 


with * = 


{±a 2 , 2ai + a 2 , 3ai + a 2 , 3ai + 2a 2 } 


G 2 


> 


s[ 3 







Table 2. Pairs of type II 

Ai x Ai > sl 2 (diagonally embedded) 



A 2 , B 2 
or G 2 



> Lie(ker(ai - a 2 )) © C(F ai + F Q2 ) Q 

a£*+\{ai.a 2 } 



B 3 > fl 2 

sl 2 fflCfflC(L Q2 +7 El+E2 )ffi 0O 

C3 > ae$+\{a 2 ,£i+£2:ei-£3,2£2} 

with t n si z © C = Lie(ker(ei + 2e 2 - e 3 )) 

Ai > S0 2 n-1 

g 2 ®c©c(y_ Q4 + yi 232 )© Q 

F4 > ae(1121, 1221, 0121, a 3 ) 

with t n fl 2 C = Lic(ker(a 4 + 1232)) 



Lemma 3.1. Let H be a subgroup of G and T' be a torus of G. If G' is the 

identity-component of the centralizer in G of T' , then the connected components 
of (G/H) T , the T' -fixed points ofG/H, are exactly given by its G 1 -orbits. 

Proof. We prove this standard statement on the corresponding tangent spaces. 
□ 

We will start with the case of the two-orbit S^-varieties. We work out this 
case separately not only because it is simple but also because it will be used quite 
often later on. 

Proposition 3.2. The two-orbit SL2-varieties are P 1 xP 1 and P 2 with the obvious 
SLi-actions. The respective generic stabilizers are the maximal torus T and its 
normalizer. 

Proof. The a priori possible dimensions for a two-orbit SX2-variety (that is, the 
possible dimensions for a SLVorbit) are 0, 1, 2 or 3. 

Using the fact that projective SX2-orbits are 0- or 1-dimensional (and vice 
versa) and that 3-dimensional SX2-orbits are affine, we prove that a two-orbit SL2- 
variety can only be 2-dimcnsional. Therefore, it has at least three points fixed by T 
a maximal torus of SL2 (see Theorem 25.2]) Since a projective ST^-orbit has 
only two T-fixed points, a generic stabilizer H must contain this torus T. Finally, 
we get that H/T is finite because dirnff = 1 = dimT so H = T or H = N G (T). 
The respective two-orbit SZ^-varities are clearly P 1 x P 1 and P 2 . Note that the 
action of SL2 on P 2 is induced by SO3. □ 

From now on, the group G is of rank greater than 2. Let us start by studying 
locally the two-orbit G- variety X. Consider y the i3-fixed point of X and P its 
stabilizer in G. The group P is parabolic and P U L will be its Levi decomposition 
such that T C L. By ||, Theorem 1.4], there exists an affine L-stable subvariety 
Z of X such that dim Z > 1 and Z D G ■ y ~ {y}. Using the fact that T-orbits are 
affine, it is easy to see that an affine T-variety containing fixed points also contains 
1-dimensional orbits if the action is not trivial. Therefore, there is a generic element 
x of X such that codimy T x < 1. In other words, we have just obtained: 

Proposition 3.3. The ranks of the algebraic group G and of the generic stabilizer 
differ at most by 1. 

Definition. The two-orbit varieties such that the rank of G is equal to (resp. 
different from) the rank of H are said of type I (resp. of type II). 

Suppose that the generic element x is such that the torus T° is a maximal 
torus of G x . Let L 1 be the centralizer in G of T°. Then, by the above proposition, 
L' is equal to T or is a Levi subgroup of scmisimple rank 1. We are going to prove 
that the latter possibility can not occur i.e. 



Proposition 3.4. The maximal tori of the generic stabilizer are regular tori of 
the group G. 



Proof. We proceed by contradiction; suppose that V ^ T and consider the L'- 
variety C\(L' ■ x). Since T° ^ T, Cl(L' ■ x) is actually a ST^-variety but not a 



two-orbit SZ^-variety (see Proposition 3^2). More precisely, C1(I/ ■ x) \ L' ■ x is 



a finite union of closed Z/-orbits of dimension < 1 all contained in G ■ y because 



of Lemma 3T. Therefore (see also the proof of Proposition 3^2), the L'-variety 
Gl(L' ■ x) is of dimension 2. 

Let B^i be the Borel subgroup of V equal to B P\L' and Ul> be its unipotent 
radical. There exists an element, say x' , in L' -x fixed by Ul 1 {see the introduction). 



Moreover, T° fixes obviously x' so, by Proposition |3j, T° = T°, . Thus, Cl(L'-x') = 
L ■ C\(B L , ■ x') = V ■ C1(T • x'). If y x and y 2 denote the T-fixed points in C1(T • x') 
then C1(L' -x) — L' ■ xUL' ■ yi U L' ■ y<z. The variety C1(L' ■ x), being 2-dimensional, 
has at least three T-fixed points, (see |p| Theorem 25.2]). Therefore, y\ and y 2 
can not be simultaneously fixed by L' . Suppose that L' ■ y\ ^ y\ and consider the 
element, say y' , satisfying C1(T ■ y') — L 1 ■ y x . Then we get: 

T°,=T°,, dim(T • x') = dim(T • y') = 1 and yi G C1(T • x') n C1(T • y'). 

It results from the lemma below that y 2 £ L ■ y\ which is incompatible with the 
fact that C1(L' ■ x) is not a two-orbit variety. Thus the assumption L' T was 



absurd - which proves Proposition 3.4. □ 



Lemma 3.5. Let x and z be two elements of a projective G-variety such that 

dimT • x = dimT • z = 1 and T° = T° . 

There are two or four T-fixed points in C1(T • x) U C1(T • z) assuming that they are 
all contained in one same closed G-orbit. 

Proof. By embedding the given variety G-equivariantly into the projective space 
of a representation, we can write the elements x and z as: x = [v lll + . . . + v^ r ] 
and z = [v Vl + . . . +«„J. By assumption, the weights of the support of x (resp. of 
the support of z) sit on a same affine line D x (resp. D z ) and moreover, 

ker( m - n r )° = T° = T° = kcr(^ - v s )° . 

From these equalities, we can deduce that the lines D x and D z are strictly parallel 
or equal. The first situation clearly yields four T-fixed points in C1(T • x) U C1(T • z) 
and the second one only two T-fixed points (use the fact that the Weyl group acts 
transitively on the T- fixed points of a projective orbit). □ 



As a consequence of Proposition 3.4, we have 



Corollary 3.6. Consider two elements x and z of the dense G-orbit of a two- 
orbit variety such that T° (resp. T°) is a maximal torus of G x (resp. G z ). Then 
z G Nq(T) ■ x; in particular, if x and z are B-conjugated they are actually T- 
conjugated. 



4. Parabolic induction 



This section is the main step to the classification of two-orbit varieties. It consists 
essentially in proving that the problem of classifying the two-orbit varieties can 
be reduced to a subclass of two-orbit varieties called cuspidal, i.e. the two-orbit 
varieties which can not be obtained by parabolic induction (see section ^J). 



4.1. Statements 

Proposition 4.1. If X is obtained by parabolic induction from a pair (P, Y), then 
it is completely determined by its closed orbit and the variety Y . 

Proof. This statement is a direct consequence of the fact that the morphism G Xp 
Y — > X is a blowing down of the closed G-orbit of X and that the variety X is 
completely determined, according to a result of Luna and Vust (see theorem 8.3 
of Q), by its G-stable prime divisors and by the B -stable prime divisors of its 
dense G-orbit, whose closure in X contains the closed G-orbit of X. □ 

We can put an order < on the set of induction pairs of X, defined naturally, 
for two pairs (Pi, Yi) and (P2, Y2), by: 

(A, Y) < (P 2 , Y 2 ) if Pi C P 2 and C ip 2 {Y 2 ). 



Theorem 4.2. The set of induction pairs of a two-orbit variety (endowed with 
the order <) has an unique minimal element. 



4.2. Proof of Theorem 4.2 



In order to prove Theorem 4.2, we are constructing explicitly, in this section, the 
minimal induction pair. 

Let us consider an induction pair (P, Y) and two elements x and z in the 
dense G-orbit of X such that B ■ x and B ■ z are closed in G ■ x. These elements 
can be chosen such that T° (resp. T°) is a maximal torus of G x (resp. G z ). Then, 



by Corollary 3.6, they are conjugated by an element n £ Nq{T). Because of the 
choice made on B ■ x and on B ■ z, one can show by a short computation that n is 
in fact an element of P. We have got: 

Lemma 4.3. If X is obtained from a pair (P, Y) by parabolic induction then the 
B-orbits which are closed in the dense G-orbit are in a same P-orbit of X . In 
particular, they are contained in f(Y). 

Let x be as above, denote G x by H . Let Pi be the parabolic subgroup of 
G generated by B, H and the elements n of Nq{T) such that Bn ■ x is closed in 
G ■ x. By construction, for all pairs (P, Y), we have: Pi C P and X\ = Cl(Pi ■ x) C 
f(Y). However, X\ may not be a two-orbit Pi-variety. More precisely, we have: 



Xi PI G ■ x = Pi ■ x but an analogous equality may not hold for X\ H G ■ y (y a 
T-fixed element of the closed orbit in X{). So, instead of Pi, we have to consider 
Ph the parabolic subgroup of G generated by Pi and the elements w 6 W such 
that w ■ y G Xi. Thus, Xjj = C\(Ph • x) = C\(Ph ■ X\) is a two-orbit Pjj-variety 
with P H C P and X H C ip(Y). 

Finally, let us consider Xh the normalized variety of Xh- The pair (Ph, Xjj) 
is the required element. 

Proposition 4.4. The pair (Ph,Xh) is an induction pair; this is the minimal 
element for the set of induction pairs of X . 

We already know that the variety Xh is a two-orbit Pjj-variety. So we are 
left only to prove that the radical of Ph acts trivially on Xh- For this, we use the 
following 

Proposition 4.5. Let Y be a two-orbit Q-variety with Q a parabolic subgroup of 
G containing B. Consider an element z of its dense Q- orbit such that the torus 
T° is a maximal torus of Q z . Suppose that the radical of Q doesn't act trivially 
on Y . Then the orbit L ■ z is complete for L a Levi subgroup of Q containing the 
torus T. 



Proof of Proposition 4-4- According to Proposition 4.5 applied to Xh and Ph, if 



we prove that L ■ z is not complete, Propostion 4.4 will follow. If T° ^ T, that L ■ z 
is not complete is obvious. Consider then the other case: T° = T. If a is a simple 
root of Ph such that U a <£_ G z then (because of the assumption made on B ■ z) 
s a Bs a n G z contains a Borel subgroup of G z . In other words, s a Bs a is closed in 
Ph ■ z and by definition of Ph, it means that SZ^a) C L. To conclude that L ■ z 
is not complete, we need only to observe that C1(L • z) contains a T-fixed point of 



the closed G-orbit (because G\(U a ■ z) does by Corollary 3.6). □ 



Proof of Proposition 4- 1. First of all, note that the radical of Q acts trivially on 
the closed Q-orbit of Y. So the proposition relies only on the dense Q-orbit. 

We choose an element z verifying the hypotheses of the proposition and such 
that B ■ z is closed in Q ■ z. 

Let us start with the case: T° ^ T. Thus L ■ z is not complete. Let [3 S $ + 
be such that Up (£_ Q z . Such a root exists otherwise Y will have two B-fixed 
points given by the T-fixed points of C1(T • z). Consider the 2-dimcnsional variety 
X/3 = G\(UpT ■ z) and denote by Tx (C ker/3) its generic stabilizer in T. To get 
our result, we are going to prove that T£ contains the identity-component Z(L)° 
of the center of L. 

Let t/i and y% be the T-fixed points of C1(T ■ z). If yi (i = 1, 2) is not fixed 
by Up, we denote by y[ the other T-fixed point in Cl(Up ■ yi); otherwise, we set 



y\ = yi. The points y[ and y' 2 are distinct; this follows easily from Lemma 3.5 and 
from the fact that T° is regular. 

The variety X/, being connected and containing two distinct elements, yi 
and j/2, is 1-dimensional. 



Claim. There exist Zi, . . . ,z r and pi, . . . , p r +i (t > 1) in X^ p such that dimT • 
Zi = 1 and such that pi, Pi+\ are the T '-fixed points in C1(T • zi). Moreover, if 
y t =y' i (i = l,2) then r > 2. 

To construct the elements Zi and pi, it suffices to consider the convex hull 
of the support of Xp; the elements Zi (resp. pi) have as support the edges (resp. 
vertices) of this polytope. 

Becasuse of the claim, we have now at hand at least two elements u and v 
simultaneously in the closed Q-orbit and in Xp such that dim(T-u) = 1 = dim(T-i>) 
and C1(T • u) n C1(T • v) = 1. Therefore: (T u n T v )° (of codimension 2) is equal 
to T x . But since Z(L) acts trivially on the closed Q-orbit, we end up with the 
required inclusion: Zl C . 

Assume now that T° — T and that L ■ z is not closed. Therefore, there exists 
at least one positive root, say a, in the root system of (L, L) such that U a <£. Q z . 
Recall that we want to prove that the radical of Q acts trivially on Y. To do so, we 
proceed by contradiction: suppose there exists (3 € <i> + , (3 ^ a such that Up C Q u 
and Up <£_ Q z . Then, the variety Xp^ a = G\(UpU a ■ z) is 2-dimensional and contains 
a dense T-orbit; denote by Tx its generic stabilizer in T. 

If yi and yi are the T-fixed points (distinct from z) of Cl(U a • z) and of 
G\{Up ■ z) respectively, then necessarily y\ and yi are distinct (as they do not 
have the same support). If Up-yi ^ yi, we denote by y[ the other T-fixed point of 
C\(Up-y\); otherwise, we set y[ — y\. Then the variety X^ a is 1-dimensional, since 
it contains the distinct points y[ and j/2- But, yi and yi must be the only T-fixed 
points of the closed Q-orbit of Y in Xp_ a otherwise with the same arguments used 
in the first case (T° ^ T), we will have: Z(L)° C Tx - So, we can conclude that 
Up must fix y\ and that there exists an element u in the closed Q-orbit of Y such 
that: Xpf a = Cl(T-u). 

By considering the variety C1(L/_ Q • yi), we get j/3, the other T-fixed point in 
it. For the same reasons as before, the points y\ and j/3 are distinct. 

To conclude, we have constructed two 1-dimcnsional subvarictics of the closed 
-orbit, Xp^ a and C l(U— a ■ y\) such that y\ is their only common T-fixed point. 



According to Lemma 3J5, this yields the contradiction: (T u nker a) = T x . □ 



5. Two-orbit varieties of type I 

In this section, the two-orbit G-variety X = C\(G ■ x) — G ■ x U G ■ y is of type I, 
i.e. T° = T x . Recall (see section ^ that a two-orbit variety is projective. So we 
can embed X in P(V) with V a finite G-module. The elements x and y of X can 
be written as: x = and y = [v\] with and v\ weight vectors of V. We can 
choose A to be dominant. 

Let (3 € $ + be such that Up <£_ G x (such a root exists otherwise B C G x ) 
and consider z = [v^ + v^ + p ■ ■ ■ + v^+kp] G Up ■ x. With a judicious choice of x, 
(for instance p dominant), one shows easily that [f^+fc^] £ G ■ y. So finally, we can 



choose x such that A = fi+ k(3 (take a M^-conjugate of the previous x). Define the 
support of a root (denoted supp) as the set of simple roots really involved in its 
writting. 



Proposition 5.1. If X is cuspidal then G is simple and supp (3 = A. 

Proof. The first assertion comes from the construction of the minimal induction 



pair (see section 4.2). More precisely, as X is cuspidal, G must be generated by 
the parabolic subgroup Pi and the elements w € W such that w ■ [v\] G X%. Recall 
that Pi is spanned by H, B and the elements n 6 Nq(T) such that Bn ■ x is closed 
inG-i and X x = C\(P X -x). 

If G = G\ x • • • x G r with Gj simple and A = Ai x • ■ • x A r with Aj associated 
to Gi , we are going to show that H = Hi x • ■ ■ x H r with H L = Gi for all i ^ to 
and supp (3 c A io . 

First of all, note that if a ^ supp/3, then U a c G x . Indeed, n + la (£ > 0) 
is not of shape A — X) 7 gA n i ' 7' (weights of V) since A = fi + k/3 (see the choice 
of x made above). Moreover, if a G A\ Ai then with the above description of G, 
we must have U- a C G x . Thus: U± a C G K , for all a € A \ Ai . The acting group 
G can then be assumed to be simple. 

To obtain the second assertion, consider the parabolic subgroup P associated 
to supp/3 and the P-variety Z = X nP(0 y Vj) for v = A — ^ n a a with a £ supp/? 
and n a > 0. Then, if supp (3 ^ A, (P, Z) is an induction pair of X. □ 

From now on, G will be simple and x will satisfy the above conditions as well 
as the two following ones. If A = fi + k(3 then k is minimal and moreover if [v^] is 
another T-fixed generic element satisfying the same assumptions as x then /i > // 
for /i and fi' comparable. 

Consider a second positive root, say 7, with 7 ^ /3 and J7 7 ^ G K (there 
exists at least one such a root which is simple). Denote by L the Levi subgroup 
associated to (3 and 7, i.e. L is the centralizer in G of (ker/3 n ker7)°. Then we 
have: 

Lemma 5.2. The variety C1(L • x) is a cuspidal two-orbit L-variety. 



Proof. From Lemma p.l[ we have L-x = Cl(L-x)(~]G-x and C\(L ■ x)\L ■ x consists 
of a finite union of complete L-orbits. Thus, if C1(L • x) is not a two-orbit L-variety, 
we will have (L ■ x) Uh ^ for Ul an unipotent maximal subgroup of L (again the 
same argument as in the introduction). It will follow that C1(L • x) — L-x. But 
this equality can not hold since [v\] € C1(L ■ x)\L ■ x. 

As we can not find any proper parabolic subgroup P such that P u C L x C P 
(because U±p 1 L± 7 <f_ G x ), L ■ x must be cuspidal. □ 

By this procedure, we have constructed two-orbit varieties for some subgroups 
L of G of semisimple rank 2. Thus, once we know what the two-orbit varieties are, 
for the simple groups of rank 2, we will know L x (for all L's) and then G x . 



Let us start with determining the cuspidal two-orbit varieties in the rank 2 
case. For this, we need two technical lemmas. Let A be the convex hull of the 
support of the variety Cl{U^Up ■ x). We have the following picture and notation in 
the weight lattice X of G. 

Lemma 5.3. The extremal points Vi of A are W -conjugated to A and the 's are 
some roots of 

Proof. First of all, note that the points [v Ui ] and the elements [uj whose support 
is [vi,v i+ {\ (~l X sit in Cl([/ 7 t/^ • x). If A has more than three extremal points 
then the cardinality of supp[w^] is smaller than suppx's one. So by the minimality 
assumption made on x, we must have [vi\ G G ■ y and thus [v Ui ] G G ■ y. If A has 
three extremal points, the assumed maximality of the weight fj, (x = [v^]) forces 
v\ to be in W ■ A. 

The second assertion of the lemma follows from the fact that T° v , = ker(i/j — 
Vi+i)° is singular. □ 



Lemma 5.4. Let 8 be a positive root such that [v s , (>)] G C\(U$ ■ x), for 7' G A. 
Suppose that: if there exists r > sucft i/iat /i + r7' is extremal as weight of V , 
we must have fi + r-j 1 — s a (A) for a £ A. Then, U^i C G K i/ (/x,7') > and 
t/-_ 7 , CG, «/( M ,7')<0. 



Proof. If there is no r > such that /i + ry' is extremal then by Lemma 5.3, we 
must have Uy C G x if (^,7') > 0. If (/x,Y) < and t/_ 7 / ^ G x then Cl(t/_ 7 / • x) 
contains a T-fixcd point of G ■ y and so does Cl(f7 7 / • x) - which is absurd. 

Suppose now that fi+r-y' is extremal and that 7') > 0. Let x 1 — £5(1) -x G 
U$-x, eg being the natural map associated to 5 from C to Us- Then by assumption 
x' = [v^ + ■ ■ ■ + « S y(A)]- The study of supp(e i g(l) • x') gives raise to a j > such 
that 

— -— ■ v^+js = sYy> ■ v s „,,(\) f° r s G C \ {0} and rij > 0. (1) 
rij. 

Recall (see section ||) that Yg denotes an element of \ {0}. 

Furthermore, consider the support of the variety Cl(T-exp(l>+sF 7 /)-a;'). The 
points s Q (A), s 7 '(A) are extremal points of this support but A is not; otherwise, we 
will have a gap in this support since the weight 7'+s 7 ' (A) is missing by equality ([j]) . 
It implies that [s Q (A), s 7 < (A)] must be an edge of this support - which contradicts 
Lemma since s a (A) — s 7 <(A) is not a root, a and 7' being simple. 

If (/it, 7') < 0, we can go back to the positive case with the element s 7 ' • x. 

□ 



Let us show how we can apply these two lemmas to get the two-orbit varieties 
in the rank 2 case, through the following 



Example. Suppose G of type B 2 . Then there are two possibilities for (3: (3 — 
Oi\ + ct 2 or (3 — «i + 2a 2 . Let us compute g x in case (3 = oti + a 2 . 



If t/ ai ^ G x then a2 verifies the conditions of Lemma 5.4 with (/z, a^) > 0- 
Therefore U a2 C G^. Let us show that U ai+ 2a 2 C G^. If there does not exist r > 
such that /i + r(c»!i + 2012) is extremal then this inclusion is given by Lemma |5.3[ 
Otherwise, we will have: ji+ra = Si(A). A simple computation leads to: 2(A, a^J = 
(A, 0%). But in this latter case, /x does not satisfy the good conditions; in particular, 
"fe" is not minimal. We have obtained the pair: (SC>5,g x — t©g a2 ©0 Qi +2q 2 )- 

If U ai C G x then U a2 (£ G x and we have (fi, ±ai) = 0. Thus by Lemma |5.4| , 
we get U± ai C G x . It follows from Lemma that U ai + 2ct2 ^ G x . Therefore, we 
have obtained the pairs: (SO5, SO4) and (SO5, q x — tffi fl± Ql ffi Q ai +2a 2 )- 

By the procedure given in this example, we get the two-orbit varieties for the 
rank 2 case. In other words, we have a description of &(G X ) the root system of 
G x . 

Lemma 5.5. Let 7 G we have the following: 

(i) if (7, (3) is of type A l x A 1 then ±7 S <P{G X ); 

(ii) if (7,/3) is of type A 2 then ±7 G ®(G X ) or ±s 7 (/3) G $(G X ); 

(iii) if (7, /3) is of type B 2 with (3 = £i+ej then <i>(G 2 ;)n(7, (3) = {e\ — ej, £1}; 

(iv) if(-f,(3) is of type B 2 with [3 = e\ then &(G x )r\ (7, (3) D {ei + Sj, ±(£1 — 
e 3 -)} or$(G K )n(7,/3) = {£ 1 + e J -,£ i }. 

By applying this statement to (3, a positive root of maximal support and to 
any other positive root, we get Table 1 just by computations. Let us work out two 
examples to understand how it works. 

Example. Suppose G of type A n . Then (3 = a± + ■ ■ ■ + a n . Since (ai,(3) is of 
type Ai x Ai, by Lemma |5.5|-(i), we have ±cti G §(G X ) for 2 < i < n — 1. 



Moreover, Lemma 5.5- (ii) yields: ±a?i G ${G X ) or ±a n G &(G X ). This gives the 
pair (SL n+ i,gl n ). 

Suppose G of type B n and (3 = £\, Applying Lemma |5.5| -(i) and Lemma |5. 
(ii) respectively, we get {±a 2 , . . . ,±a„} C &(G X ) and respectively {£1 + £j 
i > 2} C ^(Gz) with ±(ei - Ei) G <f>{G x ) or £, G <5>(G X ) for all z > 2. If 
±ai g" ^(Ga;) then {±ai, . . . , ±a n _i, a n _i + 2a„} C $>(G X ). Therefore, we ob- 
tain the two pairs {SO 2n+ i,S0 2n ) and (SO 2n +i,0x = © qG *0q © t) where * = 
(±ai,... ,±a n _i,a n _i + 2a„). If ±ai ^ <J>(G X ), we get the pair (S0 2n+ i,Q x = 
QG * fla © t), with * = (±a 2 , ±a„_i,a„,£i + e„ 



6. Two-orbit varieties of type II 

In this section, the two-orbit G-variety X = C1(G • x) is of type II, that is, by 
definition, T° ^ T. We embed X in P(V) with V a finite G-module as in the 
previous section. Then the generic element x can be written as [v\ + • • • + v\ r+1 ] 



with the Ai's sitting on a same afhne line, say D x (because of Proposition we 
order the weights A; of suppx in such way that: C1(T ■ x) — T ■ x U { [v\ ], [v\ r+1 ]}. 
As elements of G ■ y, [v\ ] and [«A r+ J are W^-conjugate, i.e. there exists w 6 W 
such that Ao = w(X r+ i). We choose x such that Ao = A and satisfying the following 

condition of minimality: if x' = [v\ + H v w '(X)] is another generic element then 

w < w' for w and w' comparable. 

Let a be a simple root such that s a w < w and U a qL G x . Take for instance a 
such that (w(\), aj < 0. Consider the variety X a = C\(TU a ■ x) and in particular, 
the convex hull A of its support pictured below in the weight lattice X of G. 



Similarly as for Lemma 5.3, we get: 



Lemma 6.1. The elements yi 6 X a whose support sits on the line Di belong to 
the closed G-orbit of X . The directions of the affine lines Di are given by roots Pi. 
In particular, the extremal points v$ are W '-conjugated andswppyi — [iSi,iSi + i]nX. 

The roots Pi span a root system of rank 2; let {a, f3} be a basis of this root 
system. 

Corollary 6.2. w = s a s/3. 

Proof. We know that s a w < w and that A — w(\) can not be, up to a scalar, a root 



because T° = ker(A — w(\)) is regular (see Proposition 3.4). So we can assume 
(a, ft) to be of type Gi with w = (s Q S/j) 2 - the case w — wq being easily ruled out. 

Consider the convex hull A (see the corresponding picture). Since we have: 
suppj/i = [i>i, Vi+i] H X, there exists a weight v E D x such that A — fit — v + ka, 
k > 0. In other words, if -D Q ,A-/3 t denotes the line of direction a passing through 
A — pti w e must have: 

D x n D Q)A _ A r\X^%. (2) 

If w = (s aS/3 ) 2 with (a, (3) of type G 2 then f3 t = /3 or /3 = /3 + a. But (||) 
forces (A, a)/((A,a) + (A,/?)) to be an integer - which can not occur because 
(A, a) ■ (A, 0) ^ since T° is regular. □ 

Using this corollary and the same arguments given in the proof of Proposi- 
tion we get: 

Proposition 6.3. If X is cuspidal of type II then G is simple or of type A\ x A\. 
Furthermore, supp /3 U {a} = A. 

From now on G will be assumed to be simple or of type A\ X A\. Let L be 
the Levi subgroup associated to a and /3 and [ be its Lie algebra. 



Proposition 6.4. (i) If (a, f3) is of type A x x A 1 then l x = t' ® C(Y_ a + Yp) © 
C(Y a + Y_p). 



(ii) Otherwise, l x = t' © C(T_ Q + Y Sa{p) ) © 7etE> + n(Qi/3) 7 - 
Here, t' is i/ie kernel of a + s a (f3) considered as element of the dual t* . 

Proof. Set 8 = s Q (/3), (s Q s (3 (A), <S V ) < 0. Thus F 5 £ 0[v wW ] and F 5 £ 0*- 
In order to get: Y$ + Y- a G g x , we are going to prove 

(A,a v ) = (A,/3 v ). (3) 

Set A = muj a + nujp {m,n > 0) and consider the variety C\(TU a ■ x). The 
arguments used in the proof of the previous corollary give a weight \ G supp x 
such that Y£ ■ v\ t is of weight A — (3 (for r > 0) . Translating the latter in terms 
of equations, we get = A — a n /m5 and n/m G N. Similarly, considering the 
variety G\(U a ■ x), we get m/n G N thus m — n and also 

Y_ a ■ v x = -qY s ■ v Xi qeC*. (4) 

Finally, let Z t be the variety Cl(Texp£(Y5 + qY- a ) ■ x) , t G C. Its support 
is entirely contained in the triangle of vertices A, s Q (A) and w(\). But there is a 
gap in this support: the weight A — a is missing because of (Q). This implies that 
expt(Y s + qY- a ) G G x . 

To show that U 1 C G x for all 7 G $ \ {a,<5}, we proceed by contradiction 
and as before, we will find a gap in the support of Cl(t/ 7 • x). 

To conclude, we have to note that if (a, (3) is not of type A\ X A\, then 
Y a + Y_ Sa tp\ G" . The first assertion is obtained just by symmetry. □ 

As a consequence of the previous proof, we have 

Corollary 6.5. (i) (A, a v ) = (A,/3 V ); 

(ii) T° = ker(a + Sct (/3)) ; 

(iii) Nq (H) I H is finite; 

(iv) Cl(i • x) is a cuspidal two-orbit L-variety. 

The main thing to do, in order to get the cuspidal two-orbit varieties of 
type II, is to give the list of the possible (G, a, (3) where a and (3 are the positive 
roots considered previously. If G is of rank 2, it is done already by Proposition |6.3[ 
So the acting group G will be definitely of rank greater than 2. Sum up the 
properties of a and (3: 

1) a G A, (w(X), a) < and U a <f_ G x ■ 

2) A — w(X) G (a, /9}c, the C- vector space spanned by a and (3; 

3) {a, (3} basis of (a, (3); 

4) supp (3 U {a} = A; 

5) W = S a S/3] 

6) (A,a v ) = (A,/3 v ). 



It will appear quickly that there are very few roots satisfying all these conditions 
mainly because of the two following statements. 

Remark. Let 71, 72 and 73 be three roots of $ spanning a root system W of 
rank 3. Suppose 'J verifies the property: 

V = ni7i + n 2 j2 + "373 G * V ~ "373 G * (up to a scalar). 

Then, (71,72)0 H (73i ? 7)c is generated by a root or is equal to {0}, if r\ is a root 
of $. 

Let us consider a simple root 5 such that ((3,S) > (then (5 G supp/3). Set 
7 = s a (5). Then 

(itf(A), 7 )<0. (5) 

Lemma 6.6. If a, (3 and 7 satisfy the property given in the remark with 7 = 73 
then (w(X), 7)= 0. 

Proof. If (w(X),j)^ then according to (||), (w(A),7)< 0. And therefore, there 
exists 77 G $ such that A — w(X) G (7,77)0 (argue similarly as we did to get the 
root /?). It implies: A — w{\) G (a,(3)c H (7, r?)c- But this is impossible because of 
the remark and the fact that T° is regular (see Proposition |3.4| ). □ 

Start with G classical and suppose: (a, S) = 0. If supp/3 = A then a, (3 and 
5 satisfy the conditions of Lemma |6.6| . Therefore we get: (A, 5) — (A, 0). But this 
equality is incompatible with (A, a v ) = (A, /3 V ). So assume that supp [3 = A \ {a}. 
Then we have the following possibilities for (G,a,(3): 

• (An,ai(i = l,n),a- a,-); 

• (G, a n , ei - s n ) for G = B n , C n \ 

• (G,ai,e 2 + £„) for G = B n ,C n ; 

• (G,ai,£ 2 +£j(2 < j < nj) for G = B n , C n , D n ; 

• (D n ,a„-i,£i + e„); 

• (D n ,a n ,E! - e n ). 



Applying Lemma 6.6, we end up again with a contradiction. Thus necessarily, 



(a, 5) < 0. The possible triples (G,a,/3) are now: 

• (A 3 ,a 2 ,a); 

• (G, a 2 ,£i +e 3 ) for G = S„, C n or D n ; 

• (S 3 ,a 3 ,a); 

• (S„,ai,£ 2 ); 

• (G„,a 2 ,a); 

• (G n ,ai,2e 2 ); 



• (D n ,ai,a). 



Claim. In all these cases, (w(X), 7) 7^ 0. 

But because of Lemma |6.6| , we may also have: (u>(A),7) = if a, j3 and 7 
satisfy the good conditions. So we have to reduce the list to 

• (A 3 ,a 2 ,a); 

• (C 3 ,a 2 ,£i +£3); 

• (B 3 ,oi 3 ,a); 

• (C n ,a 2 ,5); 

• (D n ,ai,a). 

The fourth triple is ruled out just by considering (u>(A), ai). The other ones 
give raise to some pairs of Table 2. 

For the exceptional case, we proceed similarly and we obtain the left pairs of 
Table 2. This ends the proof of the main theorem: the classification of two-orbit 
varieties. 

Appendix 

To make Table 3 and Table 4 readable to the reader, we will need the following 
notation. 

We shall recall, at first, that, in these tables, the two-orbit varieties are cus- 
pidal with connected generic stabilizers. All other two-orbit varieties are obtained 
(see section ||) either by parabolic induction or as the quotient of a cuspidal two- 
orbit variety by H/H° for H° the corresponding connected generic stabilizer given 
in Tables 1 and 2. 

In the first column, we have listed the type of the group G acting on the 
two-orbit variety designed in the second column. When the action is obvious, we 
shall not state it precisely. 

Once we have the acting group, we fix a Borel subgroup B and a maximal 
torus in it and use the standard notation (see (J]) to denote (Xi the simple roots, uji 
the fundamental weight corresponding to ai, st the simple reflection of the Weyl 
group associated to on and Pi the maximal parabolic subgroup attached to on. 

The Grassmaniann of m-planes in C" is denoted by Gr(n;m). For instance, 
Gr(?i; 1) is just P™ and Gr(ra; n - 1) is P"* . 

We have a natural action of SO n on the quadric Q(n) = {[zo : Z\ : . . . : z n ] 6 
P" : zl = £ zf} given by g ■ [z : z'\ = [z : g ■ z'}, g £ SO n and z' £ C™. 

As usual, S/c denotes the Hirzebruch surface: the 2-dimensional smooth com- 
plete torus embedding corresponding to the integer k. In particular, when k = 1, 
the normalization of is just P 2 . 
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Table 3. Two-orbit varieties of type I 

A n > P™ x P™* 

B n > Q(2n+1) 

B n > { (£, P) G P 2n+1 x Gr(2n + l;n):<cP, P totally isotropic} 

B " > G/P lX G/P n 
or G„ 

C n > Gr(2n; 2) 

C n > { , P) G P 2 ™ x Gr(2n; 2) : < C P) 
P 4 > P 6 /P 6 

C1(G • x) C P(V(o;i) ® V(w 4 )) 

P4 > 

with .x = [tyj, fj, = X — P, X = loi + L04 and /? = 1111 
G 2 > G x B S 3 
G 2 > G x B £ 2 

G 2 > G 2 x Pl P 2 P 2 compactification of P 1 /H = C 2 
G 2 > Q(7) action induced by SO^'s 

Table 4. Two-orbit varieties of type II 

Ai x Ai > P 3 compactification of £X 2 



B 2 
or G 2 



> {(A, z) G 5X3 x P 2 : A nilpotent and = 0} 

> C1(G- [v\+v w{X) ]) CP(V(A)) A = wi+w 2 , w = sis 2 
P3 > Q(8) action induced by SOg's 

C 3 > = [Eij «i A G P(A 2 C 6 ) : E.j - 0} 

D„ > Q(2n) 

Cl(G-x)c¥(V(X)) 

with a; = [v\ + Uwa)]j A = W4, w = s a s^, a = CK4 and /3 = 1231 



